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Abstract 

We show how colored SU( 2 ) BPS monopoles (that is: SU( 2 ) monopoles 
satisfying the Bogomol'nyi equation whose Higgs field and magnetic charge 
vanish at infinity and which are singular at the origin) can be obtained 
from the BPST instanton by a singular dimensional reduction, explaining 
the origin of the singularity and implying that the singularity can be cured 
by the oxidation of the solution. We study the oxidation of other monopole 
solutions in this scheme. 
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i Introduction: monopoles and instantons 

It has been known for a long time that selfdual Yang-Mills (YM) instantons in 4- 
dimensional Euclidean space E 4 and magnetic monopoles satisfying the Bogomol'nyi 
equation in E 3 IrnTl are related by dimensional reduction. In its simplest setting, this 
relation can be described as follows: if Ap (fi = 0,1,2, 3)0 is the gauge potential of a 
selfdual YM instanton solution in E 4 and is furthermore independent of one of the 
4 Cartesian coordinates, z say, then the z-component A z and the other three compo¬ 
nents A m (m = 1 , 2 , 3 ) can be identified with the Higgs field O = —A z and the gauge 
potential A m = A m of a solution of the Yang-Mills-Higgs (YMH) system in the Prasad- 
Sommerfield limit satisfying the Bogomol'nyi equation: 


— 2 ^nmpFnp • 


(l.l) 


The sign in the Bogomol'nyi equation depends on the orientation of the coordinates; 
we have taken the one corresponding to z to be x° and Cqi23 = £123 = + 1 . 

The coordinate z has to be compactified for the instanton action to be finiteH z ~ 
z + 4 n. Thus, in practice, we are performing the dimensional reduction in S 1 x E 3 
and the z-independent solutions can be considered to be the Fourier zero modes of 
instanton solutions periodic in the direction z (the so-called calorons ). 

The paradigm of selfdual YM instanton in E 4 is the BPST instanton (5J, usually 
presented in Cartesian coordinates using the't Hooft symbols. It belongs to a family 
of selfdual YM solutions depending on an arbitrary function K, harmonic on E 4 (see 
e.g. Ref. (6j and references therein). With K asymptotically constant and with a single 
point-like pole at the origin K = 1 + 4 / (A 2 3 p 2 ), where |Ym | 2 = p 2 , the solution describes 
a single BPST instanton located at the origin. Replacing K by a harmonic function 
on S 1 x E 3 with a single pole at the origin and asymptotically constant in E 3 , K = 
1 + (sinh r/ 2 )/[A 2 r 2 (cosh r /2 — cosz/ 2 )], where p 2 = z 2 + r 2 = z 2 + |x( 3 )| 2 , we get a 
caloron \j\ whose Fourier zero mode gives, upon dimensional reduction, the spatial 
part of a Wu-Yang SU( 2 ) magnetic monopole |8j, which is singular at the origin. 

Since the BPST instanton and caloron are regular everywhere, the singularity of 
the Wu-Yang solution can be understood as the result of having ignored the mas¬ 
sive Fourier modes in the dimensional reduction, but the mere oxidation of the 3- 
dimensional monopole does not automatically restore them: the 4-dimensional singu¬ 
lar instanton corresponding to the Fourier zero mode of the BPST caloron is singular. 

The above redox relation was generalized by Kronheimer in Ref. [-9] to a relation 
between selfdual Yang-Mills instanton solutions in hyper-Kahler (HK) spaces [qj and 


'This is the equation satisfied by the 't Hooft-Polyakov monopole nag) in the Prasad-Sommerfield 
limit [4}. We will henceforth refer to these monopoles as BPS monopoles. Since the time direction does 
not play any role here, we will also refer to the spatial parts of 4-dimensional Lorentzian solutions as 
"3-dimensional" solutions. 

2 We dress 4-dimensional objects with a hat; hatless objects are 3-dimensional. 

3 This choice of period is unconventional but convenient for what follows. 
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BPS monopoles in E 3 . We are going to see that Kronheimer's scheme provides an alter¬ 
native reduction of the BPST instanton which relates it to the colored BPS monopole so¬ 
lution of Protogenov rfioil . Colored monopoles are a rather misterious type of monopole 
solutions that exist for many gauge groups IfTTIl and are characterized by asymptoti¬ 
cally vanishing Higgs field and magnetic charge which, nevertheless, can contribute to 
the Bekenstein-Hawking entropy of certain (supersymmetric) non-Abelian black holes 

isomi. 

Let us start by reviewing Kronheimer's result: consider a 4-dimensional HK space 
admitting a free U(l) action which shifts the adapted periodic coordinate z ~ z + 4 zr 
by an arbitrary constant. Its metric can always be put in the form |i"4] 

ds 2 = H~ l {dz + co ) 2 + Hdx m dx m (m = 1 , 2 , 3 ), (1.2) 

where the z-independent function H and l-form to are related by@ 

dH = -kdco . (1.3) 

The integrability condition of this equation implies that H is a harmonic function in 
E 3 which is furthermore required to be strictly positive in order for the metric to be 
regular. Now, for any gauge group G, let us consider a gauge field A whose field 
strength F is selfdual FF = +F in the above HK metric with respect to the frame and 
orientation 


e° = H 1/2 (dz + to ), e a = H 1/2 S a m dx m , £0123 = +1 • 

Then, the 3-dimensional gauge and Higgs fields A and <t> defined by 


(14) 


O = ~HA Z , 


Am — A m co m A z , 


(i- 5 ) 


satisfy the Bogomol'nyi equation in E 3 Eq. (tTTTj) . It is worth stressing that, had we 
started with an anti-selfdual YM field we would have obtained the Bogomol'nyi equa¬ 
tion with opposite sign, which is acceptable, but also Eq. (jTTjj ) with opposite sign, 
which would be a contradiction: in this setup we can only reduce YM fields which are 
selfdual w.r.t. the above frame and orientation. 

When H — 1 , the HK space is just S 1 x E 3 and one recovers the result explained at 
the beginning. A more interesting choice is H — 1 /r with r 2 = x m x m . Writing the E 3 
metric dx m dx m as dr 2 + r 2 dCl 2 2 ^ and then redefining r = p 2 /4 the HK metric Eq. (iTTSi) 

becomes the metric of E 4 in spherical coordinates 


r\ 9 9 9 

ds = dp + p drip ., 

4 Unhatted objects are always defined in 3-dimensional Euclidean space E 3 . 


(1.6) 
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where dQ 3 3) is the round metric of the 3-sphere of unit radius in Eq. (A.14I. This HK 
space is, therefore, E 4 ^^ and the shifts of z act freely on it because the origin p = 0 
does not belong to it. 

Obviously, the standard BPST instanton is a selfdual solution in this space and, 
provided that the gauge field is independent of z, we can reduce it directly (avoiding 
the caloron step) using Kronheimer's scheme to find a monopole in E 3 j () ,. This is 


what we are going to do in the next section but, before, we want to review the relation 
between the Euclidean action of the instanton and the monopole charge. 

The gauge field strength components in the frame Eq. ([TTqj) are 


Fab - H 1 F nb - Ft 2 <F>(dcv ) ab , 
F 0a = H- l V a <S>-H- 2 <$>d a H, 


(1 - 7 ) 


Substituting them into the YM action and using repeatedly Eq. ( fugf , the Bogomol'nyi 
equation (fTTTD and Stokes' theorem we get 


1 
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2 d * dH 4 > 2 + 471 



® a F a + \*dH~ 1 



(1.8) 


where V 3 is E 3 with the singular points of Ft removed: this means that the first term 
on the r.h.s. always vanishes. The end result therefore reads 


1 

4 




4 TC 



<F a F a + 



(i- 9 ) 


and one must take into account that the boundary of V 3 includes the singularities of 
Ft as well as infinity. 

For H = 1 , V 2, = E 3 and the r.h.s. is directly related to the monopole magnetic 
charge 


! r ® a F 


provided the Higgs field is asymptotically constant, as in the BPS't Hooft-Polyakov 
monopole. 

For Ft = 1 /r, which is the case of interest here, V 3 = dV 3 = { 0 } U S^, and 

the integral will diverge precisely for monopoles with well-defined magnetic charge 
at infinity and asymptotically constant Higgs fields. Thus, we can only expect con¬ 
vergence for colored magnetic monopoles RTTil . If the selfdual YM field has a finite 
action, then it must lead to a colored monopole in E 3 by Kronheimer's dimensional 
reduction. In the next section we are going to see that this is indeed the case for the 
BPST instanton. 
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2 Singular reduction of the BPST instanton 

In order to reduce the BPST instanton a la Kronheimer in the HK space with H = 1 /r, it 
is convenient to write it in spherical coordinates and, actually, it is easier to rederive it 
directly using the following ansatz for the components of the SU( 2 ) gauge potential 


A A L =b L ( P )v A L , 

R R R 


A = 1 , 2 , 3 , 


(2.1) 


where the v A are the components of the SU( 2 ) Maurer-Cartan (MC) i-forms defined 

_ R 

in Eqs. (IA.12)) . satisfying Eq. (IA.13I), and b 1 (p ) is a function of p to be determined by 

- R 

imposing the selfduality of the gauge field strength. To this end it is most convenient 
to use the frames 


e° L = dp, e a L = \p 5 a A v A L , (2.2) 

R R R 

for the metric Eq. (Ii.6l) . Using the MC i-forms it is straightforward to compute the 
gauge field strength F A : 

R 


A M a l 0 a gL a | if l ) A zL b 


r R — 0 


a R 


-e ab^R Ar 


(2.3) 


P P 

Requiring P A to be (anti-)selfdual (F Aly± \a = ^^abc^^^bc) these two frames 
R 

we arrive at a differential equation for b A (p) leading to two self- and two anti-self dual 

solutions describing a single BPST instanton or anti-instanton, of sizeH determined by 
the parameter A, at the origin: 


CF = +F 


(2.4) 

The gauge fields A A ^ are gauge-equivalent to the AfP + ] owing to 

UA A{ :±) LT 1 + dUU- 1 = A A{±) , (2.5) 

and the property Eq. (IA.nl) . Then, we could just work with Ajy : 1 and A A(y \ which 
are regular (they vanish at p = 0 while the other two are multivalued there). However, 
if we want to use Kronheimer's results we are forced to work with the singular ones, 

5 In the instanton literature it is customary to denote the size of the (anti-)instanton by p, see e.g. 
Refs. but here we'll denote it by pQ. It is then easy to see that A = 2 / pq. 


2\ 


M+) _ 


■vi 




M+) _ 

R ~ 


i + iy /4 L/ 

A 2 p 2 /4 
“l + A 2 p 2 /4 


AT = -F 


v 


R ' 


A 


M~) _ 




A 2 p 2 /4 


A 


M~) - 


1 + A 2 p 2 /4 L ' 

1 


R 


l + A 2 p 2 /4 


R ■ 
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' 1 and A R ! \ because as one can see the transformation between the frame e" 


in Eqs. ( 12721 ) and Kronheimer's frame e a in Eqs. (fTqj) preserves the orientation for e 


but reverses it for e R . In other words: the regular gauge fields A R I ' + ' 1 and A R y ’ are 
anti-selfdual in Kronheimer's frame and can therfore not be consistently reduced. 

Let us, then, consider A^ ( + ) and A/p \ By construction, these gauge fields are 
invariant under the free U(l) actions in Eqs. (A -5[) and (A./|.|), respectively. 


fA(-) 


In other words: A^ (i) is (/(-independent and A R y 1 is (/’-independent and can be 
dimensionally reduced along those directions because the only invariant point under 
these actions (the origin p = 0 ) does not belong to our HK space. We can expect 
3-dimensional monopoles which are singular there. 

Using directly Eqs. ( [173] ), from A L y ' we get the Yang-Mills and Higgs fields of a 
BPS monopole solution 


M~) 




M+) _ 


1 


Vl 


r(l + A 2 r) m r ' 


A 


A(+) _ 


1 


A 

mn 


(1 + A 2 r) 

where we have defined the Cartesian coordinates y m /r = —d rn A v i (j M 


1 , m 1 ,n 

d y_L_y_i 


y\ = r sin 6 cos ip , yf = r sin 6 sin xp , y£ = r cos 9. 


.2 — 


3 _ 


(2.6) 


( 2 . 7 ) 


The reduction of A R ^ ^ 


gives exactly the same 3-dimensional fields upon the re¬ 
placement of the Cartesian coordinates y™ by y R = +rS m 


y R = r sin 9 cos cp , y R = —r sin9 sirup, y R =—r cos 9. (2.8) 

As predicted by the arguments based on the Euclidean action, the 3-dimensional 
BPS monopole obtained by this procedure is the colored monopole found by Pro- 
togenov in Ref. liiol . The Higgs field vanishes at infinity and the magnetic charge, 
as defined in Eq. (u.ioii vanishes identically. The solution approaches the Wu-Yang 
monopole [0 for r —* 0 (which corresponds to A 2 = 0 ) and, therefore, one can argue 
that the solution describes a magnetic monopole at the origin whose charge is com¬ 
pletely screened at infinity. This interpretation is supported by the computation of the 
Bekenstein-Hawking entropy Sbh of non-Abelian black holes with this kind of gauge 
fields: there is a contribution to Sbh corresponding to a magnetic charge |T2l [T3|. 


3 Oxidation of the singular Protogenov monopoles 

Reversing the procedure we just carried out, we see that the singularity of the SU( 2 ) 
colored BPS monopole disappears completely when it is oxidized to 4 Euclidean di- 

6 We use the identity v^(cp = 0) — cos6v£ dip — e A nm d'^p'^p 
7 Now we use the identity v R (ip = 0) — cos 9v R ^dcp — —e A mn d^'^f 
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mensions. Since there are other singular SU( 2 ) BPS monopoles [Toll , it is natural to ask 
whether their singularities can also be cured by oxidizing them within this scheme. 

The spherically symmetric solutions of the SU( 2 ) Bogomol'nyi equations have the 
following hedgehog form ffToll : 


A a = - r 2 h(r)e A mn yd Oy) > ( 3 - 1 ) 

771 

= -rf(r)S A J (3-2) 
r 

where the functions f(r ) and h(r) must satisfy the differential equations 


rh + 2 h + f(l + r 2 h) = 0, 

( 3 - 3 ) 

(h — f) — r 2 h(h — f) = 0, 

( 34 ) 


if the above Yang-Mills and Higgs fields are to satisfy the BogomoTnyi equation (fTTTII . 
Apart from the family of colored solutions in Eq. (12.6)1 . there is another 2-parameter 
and s) family of solutions given by 


rf = — [1 — }ir coth (yr + s)] , rh = - 

The BPS limit of the't Hooft-Polyakov monopole [21 [3] is the s = 0 member of this 
family, and the only regular one. Before oxidizing them, we can compute the action 
of the corresponding instanton using Eq. ( jTTcij ). The action turns out to diverge for 
all values of s. However, even if all hope of getting a regular instanton by oxidizing 
these solutions is lost, it is still worth finding the general expression of the singular 
instantons, since it may give us inspiration for making instanton ansatze directly in 4 
dimensions. Using Kronheimer's relations, Eq. ( [TT5] ), we find 

A A = —r 2 f(r)v A + r 2 [/(r) — h(r)] u A , (3.6) 

where we have defined the l-forms 


}ir 


sinh (ur + s) 


- 1 


( 3 - 5 ) 


u 1 = cos xp sin 0cos 6 d^> + sin ipd 9 , 

u 2 = sin ip sin 9 cos 6 d^> — cos xpdd , (3.7) 

u 3 = — sin 2 9 dxp. 

These l-forms depend only on two coordinates (ip and 8 ) and they can be seen as 
projections of the left-invariant MC l-forms v A 


u 


A 




( 3 - 8 ) 
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They satisfy differential equations identical to the ones satisfied by the left-invariant 
MC l-forms v A up to the 1/2 factor, i.e. 

du A = —€ A bc uB A u c , (3.9) 

which makes them well suited for a generalization of the ansatz Eq. ([2TTH : 

A A = b(p)v A + c(p)u A . (3.10) 

Imposing selfduality of the corresponding field strength with the redefinition 


b (p( r )) = ~r 2 f(r), c(p(r )) = -r 2 [h{r) - f(r )] , 


( 3 - 11 ) 


leads to Protogenov's equations ( fyqj ) and ( [34] ); the oxidation of the BPS monopoles 
gives all the selfdual instantons of that form. 


4 Conclusions 

In this paper we have shown how a misterious kind of SU( 2 ) BPS magnetic monopoles 
known as colored monopoles, which are singular at the origin and have vanishing asymp¬ 
totic charge and Higgs field, can be understood as the result of the singular dimen¬ 
sional reduction of the BPST instanton, which is itself globally regular. The parameter 
appearing in the monopole family of solutions turns out to be related to the one that 
measures the instantons' size. 

The mechanism is analogous to the well-known mechanism curing gravitational 
singularities by oxidation as for example the KK-monopole fi6il or in certain 4-dimensional 
dilatonic black holes [17], but with the twist that here the fields are non-Abelian. The 
mechanism that cures the singularity of the colored monopole does not, however, work 
for the rest of the spherically-symmetric BPS monopoles of the theory: they always 
have infinite action, but depending on the application this may or may not be a prob¬ 
lem. 

We have argued, based on the relation between the instanton action and the monopole 
magnetic charge, that this relation between regular instantons and singular, colored 
magnetic monopoles should be general. It has recently been shown in Ref. rmil that 
colored magnetic monopoles are present in the Yang-Mills-Higgs theory for all SU(N) 
groups and the results of that paper can be used to construct regular selfdual SU(N) 
instantons fi8fl. Possibly, the transmutation monopoles discovered in Ref. |TT|, which 
have different (non-vanishing) charges at infinity and at the origin, can be related to 
regular solutions by a similar mechanism. 

The case studied here is just the simplest and most special of those comprised in 
Kronheimer's work Ref. |gj, since it just involves K 4 j () ,. One may wonder if the rest can 
be of any relevance in physics. It turns out that the relation between M — l,d = 5 and 
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J\T = 2 , d = A super-Einstein-Yang-Mills (SEYM) theories must include the relation 
between selfdual instantons in HK spaces and BPS monopoles in E 3 discovered by 
Kronheimer: the timelike supersymmetric solutions of A/" = 1 ,d = 5 [19! (as it happens 
in the Abelian case |2oj]) involve a 4-dimensional Euclidean base space of HK type 
and the YM field strengths have a piece which is selfdual in that space. On the other 
hand the YM fields of the timelike supersymmetric solutions of A/" = 2 , d = 4 SEYM 
|2Tj| are required to satisfy the Bogomol'nyi equation in E 3 in combination with an 
effective Higgs field. These two classes of theories and their solutions are related by 
dimensional reduction. Explicit solutions of the latter describing non-Abelian black 
holes have been obtained in lf22l [23} fl2l (13} ml . Some of the solutions are powered by 
the colored BPS monopoles that we have shown to be related to the BPST instanton. 
It is then natural to expect that the oxidation of the complete supergravitv solutions 
will provide us with explicit solutions of the M = 1 , d = 5 SEYM theoryj involving 
the BPST instanton. These solutions, whose form is quite intriguing, may be globally 
regular. The oxidation a la Kronheimer of solutions involving other monopoles will 
give potentially singular solutions, but, just as it happens with singular monopoles 
in d = 4 , gravity may cover the singularities with event horizons. All these new 
possibilities opened by the result presented in this paper are very interesting and well 
worth investigating. Work in this direction is already under way [24!. 
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A The metrics of the round S 3 and S 2 

In this appendix we will review the well-known construction of the SO ( 4 )-invariant 
metric on S 3 using its identification with the SU( 2 ) group manifold, the construction 
of SO( 3 )-invariant metric on S 2 using its identification with the SU( 2 ) /U(l) coset space 
and the relation between both of them. 

All matrices U £ SU( 2 ) (ll + = li _1 , detlf = + 1 ) can be parametrized by two 
complex numbers Zq, Z\ 

8 So far, no explicit solutions of these theories have been constructed. 
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u=( z ° Zl \ |z 0 | 2 +|zi| 2 = 1 . (A.i) 

V ~ z i z o J 

Therefore, the SU( 2 ) manifold can be identified with S 3 . Both are traditionally parametrized 
by the Euler angles {6, cp, xp}\ 

z 0 = cos( 6 >/ 2 ) e ^ + ^ /2 , Zl = sin( 0 / 2 ) e ^~^ /2 . (A.z) 

The main property of this parametrization is that any SU( 2 ) rotation can be written as 
the product of three rotations with these angles: 

u(<p,d,if>) = u((p,o r o)u(o,e r o)u(o r o r xp). (A. 3 ) 

The Euler angles are usually assumed to take values in the intervals 6 G [ 0 ,7r], 
cp G [ 0 , 27 r), and xp G [0,47r). Other choices are possible: for instance, 6 G [ 0 , n\, 
cp G [ 0 , 4 7r), and xp G [ 0 , 27 r) also covers once S 3 . Only the coordinate chosen to take 
values in [0,47r) should be considered periodic. There is a free U(l) action on S 3 
associated to constant shifts of the periodic coordinate. For the standard choice, this 
action is 


U(cp, 6, xp) ^ U (cp, 9 ,xp) U (0,0, 2 a), a:g[0,27t). (A.4) 

Being a right action, it is adequate to define the right coset space SU( 2 )/U( 1 ). If we 
choose instead cp to be the periodic coordinate, the U(l) action is 

U(cp, 9 ,ip) —>■ U( 2 oc,O r O)U(cp, 6,xp), a:g[0,27t). (A.5) 

Being a left action, it is adequate to define the left coset space U( 1 )\SU( 2 ), which is a 
more unusual option. 

A convenient basis of the su( 2 ) Lie algebra is provided by the anti-Hermitian ma- 
trice^l 

Ta = [Ta,T a \ = —cabcTc■ (A.7) 

In this basis 

U(<p, 0,0) = e 9,7,3 , U{ 0 ,6 , 0) = e 0Tl , U{ 0 ,0, xp) = e^ . (A.8) 

The left- (resp. right-)invariant Maurer-Cartan (MC) l-form Vi (resp. Vr) are de¬ 
fined by 

9 The <r A are the Pauli matrices, which we take to satisfy 

o- A cr B = S AB + ie ABC a c . (A.6) 
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V L = — U^dU, V R = -dUU-\ 
and as a consequence of their definition they satisfy the MC equations 


(A- 9 ) 


dV L ^V L AV L = 0 . 

R R R 


(A.io) 


Observe that the left- and right-invariant MC i-forms are related by the following 
gauge transformations: 


V R = UV L U 


-l 


(A.n) 


The components of the MC i-forms in the above basis V R = v A , T/\ are given by 

R R 


v} = sin ip d6 — sin 9 cos ipdtp, 


v 


L 

2 _ 


V 


,3 _ 


= — cos ip d6 — sin 9 sin ip dcp, 
= — (dip + cos 9 dcp ), 


4 = 
4 = 
4 = 


and the MC equations in components take the form 


— sin cpdO + sin 6 cos cp dip , 

— cos cp d8 — sin 9 sin cp dip , 

— (dcp + cos 8 dip ), 

(A.12) 


dv A h 


± j£abc 4 A v c L = 0. 


(A.13) 

R R R 

As their name indicates, the left- (resp. right-)invariant MC i-forms are invariant 
under the left (resp. right) U(l) action in Eq. I ]A .3! ) (resp. Eq. ([A4])). 

Both the left- or the right-invariant MC i-forms can be used as Dreibeins to con¬ 
struct a bi-invariant (that is SU( 2 ) x SU( 2 ) ~ SO( 4 ) -invariant) metric on SU( 2 ) (~ S 3 ) 
with tangent space metric <!>ab- The result is exactly the same in both cases: normalizing 
the metric so as to get the volume of the 3-sphere of unit radius, we find 


do 2 — I7A7 A — IvAvA — I 
aL2 (3) — t°L v L ~ 4 V R V R ~ 4 


dd 2 + dcp 2 + dip 2 + 2 cos 9 dcpdip 


(A. 14) 


It is customary to rewrite this metric so that the invariance under the chosen U(l) ac¬ 
tion is manifest. For the standard choice in which ip G [ 0 , 4 zr) is the periodic coordinate 
and there is invariance under the right action in Eq. ( A4]) 




dri$2)(d’<p) +44 


where dO 2 ^ ( 9 , cp) is the standard metric of the round 2-sphere of unit radius 


dnC ( 9 , cp) = d 0 1 + sin 2 Odcp 1 = v[vi + v R v R . 


(A.i 5) 


(A.16) 


For the other choice, we just have to interchange cp and ip and L by R in the above 
expressions. 


11 











References 


[1] E.B. Bogomol'nyi, " Stability of classical solutions," Sov. J. Nucl. Phys. 24 (1976) 449 
[Yad. Fiz. 24 (1976) 861]. 

[2] G. 't Hooft, "Magnetic monopoles in unified gauge theories", Nucl. Phys. B 79 (1974) 
276. 

[3] A.M. Polyakov, "Particle spectrum in the Quantum Field Theory", JETP Lett. 20 (1974) 
194 [Pisma Zh. Eksp. Teor. Fiz. 20 (1974) 430]. 

[4] M.K. Prasad and C.M. Sommerfield, "An exact classical solution for the 't Hooft 
monopole and the Jidia-Zee dyon", Phys. Rev. Lett. 35 (1975) 760. 

[5] A.A. Belavin, A.M. Polyakov, A.S. Schwartz and Y.S. Tyupkin, " Pseudoparticle so¬ 
lutions of the Yang-Mills equations," Phys. Lett. B 59 (1975) 85. 

[6] R. Jackiw, C. Nohl and C. Rebbi, " Conformal properties of pseudoparticle configura¬ 
tions," Phys. Rev. D 15 (1977) 1642. 

[7] B. J. Harrington and H. K. Shepard, " Periodic euclidean solutions and the finite tem¬ 
perature Yang-Mills gas", Phys. Rev. D 17 (1978) 2122. 

[8] T.T. Wu and C.-N. Yang, "Some solutions of the classical isotopic gauge field equations," 
In *Yang, C.N.: Selected Papers 1945-1980*, 400-405 also in *H. Mark and S. Fern- 
bach, Properties Of Matter Under Unusual Conditions*, New York 1969, 349-345. 

[9] PB. Kronheimer, " Monopoles and Taub-NUT spaces," M.Sc. Dissertation, Oxford 
University, 1995. 

[10] A.P Protogenov, "Exact classical solutions of Yang-Mills sourceless equations", Phys. 
Lett. B 67 (1977) 62. 

[11] P. Meessen and T. Ortin, " N=2 Super-EYM coloured black holes from defective Tax 
matrices," arXiv: 1501 . 02078 . 

[12] P. Meessen, "Supersymmetric coloured/hairy black holes," Phys. Lett. B 665 (2008) 388 
[arXiv: 0803 . 0684 ], 

[13] P. Bueno, P. Meessen, T. Ortin and PF. Ramirez, "M = 2 Einstein-Yang-Mills' static 
two-center solutions," JHEP 1412 (2014) 093 [arXiv: 1410 . 4160 ], 

[14] G.W. Gibbons and S.W. Hawking, "Gravitational multi-instantons," Phys. Lett. B 78 
(1978) 430. 


12 



[15] M. Shifman, " Advanced topics in quantum field theory: a lecture course", Cambridge 
U.P. (2012); S. Vandoren and P. van Nieuwenhuizen, "Lectures on instantons", 
arXiv: 0802 . 1862 ; N. Dorey, T.J. Hollowood, V.V. Khoze and M.P Mattis, "The 
calcidus of many instantons", Phys. Rept. 371 (2002) 231 [hep-th/ 0206063 ]. 

[16] R.D. Sorkin, "Kaluza-Klein monopole", Phys. Rev. Lett. 51 (1983) 87; D.J. Gross and 
M.J. Perry, " Magnetic monopoles in Kaluza-Klein theories", Nucl. Phys. B 226 (1983) 
29. 

[17] G. W. Gibbons, G. T. Horowitz and P. K. Townsend, Class. Quant. Grav. 12 (1995) 
297 [hep-th/9410073]. 

[18] P. Meessen, T. Ortin and PF. Ramirez, in preparation. 

[19] J. Bellorin and T. Ortin, " Characterization of all the supersymmetric solutions of gauged 
N = 1 , d = 5 supergravity," JHEP 0708 (2007) 096 [arXiv: 0705 . 2567 ]; J. Bellorin, 
"Supersymmetric solutions of gauged five-dimensional supergravity with general matter 
couplings," Class. Quant. Grav. 26 (2009) 195012 [arXiv: 0810 . 0527 ], 

[20] J.P Gauntlett, J.B. Gutowski, C.M. Hull, S. Pakis, H.S. Reall, "All supersymmetric 
solutions of minimal supergravity in five dimensions," Class. Quant. Grav. 20 (2003) 
4587 [hep-th/ 0209114 ], 

[21] P. Meessen and T. Ortin, "Supersymmetric solutions to gauged N = 2 d = 4 sugra: the 
full timelike shebang," Nucl. Phys. B 863 (2012) 65 [arXiv: 1204 . 0493 ]. 

[22] M. Hiibscher, P. Meessen, T. Ortin and S. Vaula, "Supersymmetric N = 2 Einstein- 
Yang-Mills monopoles and covariant attractors", Phys. Rev. D 78 (2008) 065031 
[arXiv: 0712 . 1530 ], 

[23] M. Hubscher, P. Meessen, T. Ortin, S. Vaula, "N=i Einstein-Yang-Mills's BPS solu¬ 
tions," JHEP 0809 (2008) 099 [arXiv: 0806 . 1477 ], 

[24] P. Meessen, T. Ortin and P. F. Ramirez, in preparation. 


13 



